Abstract Contagious bovine pleuropneumonia (CBPP) is a disease of cattle and water buffalo caused by Mycoplasma mycoides subspecies mycoides (Mmm). It attacks the lungs and the membranes that line the thoracic cavity. The disease is transmitted by inhaling droplets disseminated through coughing by infected cattle. In this paper a deterministic mathematical model for the transmission of Contagious Bovine plueropnemonia is presented. The model is a five compartmental model consisting of susceptible, Exposed, Infectious, Persistently infected and Recovered compartments. We derived a formula for the basic reproduction number R 0 . For R 0 ≤ 1, the disease free equilibrium is globally asymptotically stable, thus CBPP dies out; whereas for R 0 > 1, the unique endemic equilibrium is globally asymptotically stable and hence the disease persists. Elasticity indices for R 0 with respect to different parameters are calculated; indicating parameters that are important for control strategies to bring R 0 below 1, the effective contact rate β has the largest elasticity index. As the disease control options are associated to these parameters, for some values of these parameters, R 0 < 1, thus the disease can be controlled.
Introduction
tinent. It is estimated that annual loss due to CBPP amount to 38.81 million US dollars in 12 endemically infected Sub-Saharan African countries [15] . On account of its transmissibility and economic impacts, CBPP is now recognized as a priority transboundary disease and has thus been categorized as the only bacterial disease in the world organization for animal health (OIE) list A diseases [1] .
Mathematical models provide the means to generate evidence based information on infectious disease control and play an important role in understanding the dynamics of infectious diseases. As in [14] , modelling techniques are used to assess the potential impact of early elimination of infected cattle via accurate diagnosis on CBPP dynamics. Generally, the model predicts that regular testing and elimination of positive reactors using improved tests will play a significant role in minimizing CBPP burden especially in the current situation where improved vaccines are yet to be developed.
A mathematical model of CBPP is also used to compare economic efficiency of local (i.e., at the herd level) CBPP-control strategies (vaccination and antibiotic treatments). A study conducted in Ethiopian highlands cattle-smallholder system (Boji district, West Wellega Zone), with low CBPP virulence, revealed that antibiotics were the most economically efficient strategy than vaccination [4] .
In this paper, a deterministic mathematical model for the transmission of CBPP dynamics is presented. We derived the formula for the basic reproduction number R 0 , and determined the stability of the disease free and the endemic equilibrium in terms of R 0 . Sensitivity analysis of R 0 with respect to the parameter that it depends on and it is found that R 0 is very sensitive to the effective contact rate β , which also have large regression coefficient in [18] , the rate of recovery of persistently infected cattle ψ, which has the least regression coefficient in [6] , and the rate of recovery of infectious cattle α r ; but less sensitive to the death/birth rate µ; in contrary, it has large regression coefficient in [6] , the rate of infection reactivation of persistently infected cattle k, and the rate of transition from exposed to infectious class γ. Unlikely to [6] , it is independent of the initial value of the system. Numerical simulation is performed using MATLAB.
The rest of the paper is structured as follows. In section 2, we present a mathematical modelling of the dynamics of CBPP. In section 3, we prove the well-posedness of the system. In section 4, we calculate equilibria of the system and derive a formula of the basic reproduction number R 0 . In section 5, stability analysis of the DFE and EE is presented. In section 6, we present estimation of parameter values, elasticity index of parameters and numerical simulations. Lastly, in section 7, we present our conclusion and remarks.
Mathematical model
We model the transmission dynamics of Contagious Bovine Plueropnemonia (CBPP). The compartmental model with 5 classes is shown in Figure 1 . In this model we assume an open population where all new born animals are considered to be suscep-tible and added to the susceptible (S) compartment with a constant recruitment rate Λ . Death due to contagious bovine plueropneumonia does not occur. Natural mortality occur at the rate µ and results in losses from all five compartments. The natural mortality rate and birth rate are assumed to be equal. Susceptible animals move to the exposed compartment (E) at a rate of β I N . Animals in the exposed compartment are infected but not infectious. The period in which animals stay infected without showing the symptom of the disease or without being infectious is said to be a latent period. Then, after the latent period, the animals in the exposed compartment move to the infectious compartment (I) at a rate of γ. The infectious animals either heal and enter directly into the recovered (R) compartment at a rate of α r or they pass through a process of sequestration and enter into persistently infected (Q) compartment at a rate of α q . Animals in persistently infected compartment are encapsulated and infected, but not infectious. As sequestra resolve and/or become non-infected, then the animals in persistently infected compartment move to the recovered (R) compartment at a rate of ψ. Note that Animals in the recovered compartment can have sterile sequestra (a sequestra which is not infected). Whereas, Infected sequestra can occasionally be reactive and in this instance the animal will transition from the persistently infected (Q) compartment back to the infectious (I) compartment at a rate of k. And we assume random mixing of all individuals in the population. The total population size at time t, N(t), is the sum of the numbers in the five compartments; i.e, N(t) = S(t) + E(t) + I(t) + Q(t) + R(t); where • S (t): number of susceptible animals at time t.
• E (t): number of exposed animals at time t.
• I (t): number of infectious animals at time t.
• Q (t): number of persistently infected animals at time t.
• R (t): number of recovered animals at time t.
And, we have the following parameters:
• α q : The rate at which infectious animals move to persistently infected compartment • α r : Rate of recovery of infectious animals • β : Effective contact rate • γ: Transition rate from exposed to infectious compartment • k: The rate at which persistently infected animals move back to infectious compartment • µ: Natural mortality rate • ω: Rate of loss of natural immunity • ψ: Rate of recovery of persistently infected animals.
• Λ : The constant recruitment rate.
Flow diagram of the model is as shown in Figure 1 The compartmental model in Figure 1 can be written as a system of differential equations given by the system (1)-(5)
Since N is constant, equations (1) - (5) can be reduced to:
Nonnegative initial conditions with S (0) + E (0) + I (0) + Q (0) + R (0) positive and small complete the formulation of the model.
Well-posedness of the system
Let X(t) = (S(t), E(t), I(t), Q(t)) and
, where
Then, equations (6) - (9) can be written of the form:
Theorem 1. If f is given by equation (15) and the initial conditions
is nonnegative, then the system (1)- (5) has a unique solution X(t) which is nonnegative and bounded.
Proof. It is clear that the right hand of the system (1)- (5) is C 1 , thus, f is differentiable and hence locally Lipschitz continuous in some open ball containing X(0). Hence a unique solution X(t) of the system (1)- (5) exists locally. For X (0) ≥ 0, let X (t) be the solution of (1)- (5), and let t 0 be the smallest positive t such that
By continuity of S, E, I, Q and R, there exists t * > t 0 such that if S (t 0 ) = 0, then clearly from (1)
. By Proposition B.7. of [13] , the solution of the system (1)- (5) is nonnegative. Finally,
4 Equilibria and basic reproduction number
Equilibria of the system
Equilibria are points where the variables do not change with time: i.e.,
Let (S * , E * , I * , Q * , R * ) be the equilibria of the system (1)- (5) with the left hand side equal zero,
From equation (19),
Putting equation (20) into equation (18), we get (17) yields I * = 0, or
When I * = 0, we get Q * = E * = 0 (from equation 20 and 21). And, from equation 16,
Hence, (N, 0, 0, 0) is the disease free equilibrium.
For the other case, when
, we use equations (16), (20), (21) and (22) together with the equality R * = N − (S * + E * + I * + Q * ), yields
Hence,
is the endemic equilibrium.
Basic reproduction number (R 0 )
The basic reproduction number refers to the total number of animals infected by a single infectious animal through out its infectious period. We say that the disease die out if R 0 ≤ 1 and persists in the population if R 0 > 1. We use the next generation matrix as presented in [16] , to calculate the basic reproduction number. Compartments E, I and Q are considered to be the disease compartments and S is the non-disease compartment. We set F = (F 1 , ..., F 4 ) T and V = (V 1 , ..., V 4 ) T , where F i represents the rate of new infections in the i th disease compartment, V + i (X) being the transfer rate of individuals into compartment i by all other means while V − i (X) represents the transfer rate of individual out of compartment i. Assuming X 0 to be the DFE, we have
where, T and D are trace and determinant of the matrix FV −1 . Since D = 0,
where γ (γ+µ) is the probability that a newly infected individual survives the latent period and 1 µ α is the average adjusted infectious period. Thus, R 0 is the number of secondary infections caused by an infectious cattle during its infectious period. Proof. see [16] .
Global stability analysis of the DFE
Theorem 3. The disease free equilibrium, (N, 0, 0, 0)), is globally asymptotically stable in Ω if R 0 ≤ 1 and unstable if R 0 > 1, where
Proof. We use matrix-theoretic method as explained in [12] . We assume x = (E, I, Q) T and y = S. And, considering F, V and V −1 as in Section 4.2, we set
We observe that F ≥ 0, V −1 ≥ 0, f (x, y) ≥ 0, f (x, N) = 0 in Ω ; but the matrix V −1 F is reducible. Thus we use Theorem 2.1 of [12] to construct a Lyapunov function. Denote the left eigenvector of V −1 F corresponding to the eigenvalue R 0 by
or
Thus, from equation (24) - (25), one solution is given by v 1 = 0, v 3 = 0 and v 2 = 1 (γ + µ) μ kψμα − α q k , thus ω T = (0, v 2 , 0). Hence, by Theorem 2.1 of [12] , we
is the Lyapunov function for the system when R 0 ≤ 1. Since Q = (R 0 − 1)ω T x − ω T V −1 f (x, y) = 0 implies that R 0 = 1, x = 0 and y = N, (N, 0, 0, 0) is the only invariant set in Ω when x = 0 and y = N. Thus, by LaSalle's invariance principle, the DFE (N, 0, 0, 0) is globally asymptotically stable in Ω when R 0 ≤ 1.
Global stability analysis of the Endemic Equilibrium (EE)
Theorem 4.
With Ω given as in Theorem 3, if R 0 > 1 and ω = 0, then the unique endemic equilibrium E * of the equations (15) is globally asymptotically stable in the interior of Ω .
Proof. We use a graph-theoretic method as in [12] . The weighted graph of the model given by system of equations (1)- (5) is presented in figure 2. Set . And also using the inequality 1 − x + lnx ≤ 0, differentiation with respect to t gives
where a 13 = a 21 = β S * I * N , a 15 = ωR * , a 32 = γE * , a 34 = kQ * , a 43 = α q I * , a 53 = α r I * , a 54 = ψQ * and all other a i j = 0. The associated weighted digraph (G, A) has five vertices and two cycles as shown in figure 2 . Along each cycle, G 32 + G 23 = 0 and G 34 + G 43 = 0. By Proposition 1.3 of [12] , there exists c i , 1 ≤ i ≤ 4, such that V = ∑ 
is a Lyapunov function for (1)- (5) . Therefore, E is globally asymptotically stable in the interior of Ω when R 0 > 1.
6 Parameter values, elasticity indices and numerical simulations Table 1 shows parameter values used in this paper, as explained in Table 1 and sections 2.2 and 2.3 of [6] and Table 1 of [5] . Since the life expectancy of cattle is in average 5 years, the value of µ is taken to be 1 5 × 365
Parameter values
. As indicated in [5, 6] , the incubation period, is between 4 and 8 weeks, we use the mean value of 6 weeks,
, the infection period is between 6 and 10 weeks, we used α r = 1 8 × 7 as mean value of 8 weeks. The persistently infected period is given in a range of 18 − 21 weeks, with an average period of 19 weeks, 4 months × 2 reactivations per month for 582 cases gives k = 0.0009 and ψ = 0.0075. And the rate of loss of natural immunity, ω = 1 3703
. Maximum and minimum values are as in [5, 6] .
Elasticity indices
We note from Theorems 3 and 4 that R 0 plays an important role in determining the persistence of the disease in the cattle population under consideration. Thus, it is crucial to determine the sensitivity of R 0 to each parameter. The elasticity of R 0 relative to the parameter p is given by the formula Table 2 shows the elasticity indices of R 0 relative to those parameters in descending order. In a paper that developed a homogeneous, stochastic, compartmental model for CBPP transmission in pastoral herds of East Africa [6] , a sensitivity analysis was completed using linear regression to estimate the impact of all input parameters on the total number of cases; the total number of cases was inversely related to the CBPP mortality rate, σ (−0.755), and by positive relationship with the effective contact rate, β (0.262), and the natural mortality rate, µ(0.157) and less sensitive to initial exposed, E 0 (−0.082), initial recovered, R 0 (−0.071), the rate of sequestra formation, α q (0.053), and the rate of recovery of persistently infected, ψ(0.049). The regression model for total cases had an r 2 of 0.654. The persistence of infection was also highly sensitive to σ (−0.803) and moderately sensitive to α q (0.234), β (0.091) and γ(0.072) with an r 2 of 0.704. When the herd size was reduced to 500 head, the sensitivity profile changed; total cases was sensitive to γ(−0.175), β (0.149), α r (−0.145) and σ (−0.129) but the r 2 of the regression model was only 0.100. The persistence of infection was sensitive to γ(−0.164) and ψ (0.108) with an r 2 of only 0.040 [6] .
Parameter(p) Formula: Fig. 3 The graph showing the number of cattle in each compartment using parameters in Table 1 with I = 1, N = 500, yielding an approximated equilibrium value S * = 127, E * = 12, I * = 9, Q * = 15, R * = 337 and R 0 = 3.9399. Fig. 4 The graph showing the number of cattle in each compartment when β = 0.07 and the other parameters are as in Table 1 with I = 1, N = 500, yielding the approximated equilibrium of S * = 257, E * = 8, I * = 6, Q * = 9, R * = 220 and R 0 = 1.9699.
From Table 2 , effective contact rate (β ) has the largest elasticity index followed by and the rate of recovery of infectious cattle(α r ). the rate of sequestrum formation(α q ) takes the third, the mortality rate the fourth position. Followed by the incubation rate γ, the rate of sequestrum reactivation (k) and the rate of recovery of persistently infected cattle(ψ), respectively. Which implies that β and α q affects the basic reproduction number more followed by ψ and α r , respectively.
Numerical simulations
We consider a constant herd size of 500 cattle with individual animals as the epidemiological units of interest. Assuming the presence of an infectious cattle and 499 susceptible cattle initially in the cattle population, the model equations (1) - (5) are numerically solved using the parameter values given in Table 1 . With these values, R 0 = 3.9399. The number of cattle in each compartment at time t are plotted in Figure 3 , in which the system approaches an endemic equilibrium as R 0 > 1. These values are in agreement with results published in [5, 6] . Since the effective contact rate β has the largest elasticity index, we decrease the value of β by 50%, assuming half of the transmissions, the results suggest that double of the cattle remain susceptible and the basic reproduction number is reduced by half, this is shown in Figure  4 . This suggests that quarantine should be the primary measure to try to control the disease. However, as proposed in [5, 6, 10 ], this will not be sufficient to eradicate the disease.
Conclusion and Remarks
In this paper we derived a formula for the basic reproduction number R 0 for our model of CBPP transmission. By using a matrix theoretic method and a graph theoretic method respectively, we prove that for R 0 ≤ 1, the DFE is globally asymptotically stable, thus CBPP dies out; whereas for R 0 > 1, the EE is globally asymptotically stable and hence the disease persists in all the populations.
Using parameter values we calculate elasticity indices for R 0 with respect to different model parameters. Based on our numerical elasticity indices, R 0 is very sensitive to the effective contact rate β ; which has also large regression coefficient in [18] , the rate of recovery of persistently infected cattle ψ; in contrary, it has less regression coefficient in [6] and the rate of recovery of infectious cattle α r ; but less sensitive to the death/birth rate µ; which has large regression coefficient in [18] , the rate of infection reactivation of persistently infected cattle k, and the rate of transition from exposed to infectious class γ. Which implies that for some value of these parameters, R 0 becomes less than 1; thus the disease can be controlled. In addition, if we apply vaccination and/or restriction of movement along with treatment using antibiotics to the extent that reduce the value of β , and increase the values of α r and α q so that R 0 becomes less than 1. However, there seems to be no way to manage ψ.
From our simulations for the given parameter values, the number of infectious cattle is about 2% of the population at equilibrium. Our model ignores death due to CBPP. However, our elasticity indices give an indication that CBPP can be controlled by reducing the value of β ; which refers to the use of vaccination and/or applying restriction of movement of cattle; however, it is well known that the vaccine provides only short-term immunity, can cause severe adverse reactions and is rarely effective in the face of a severe outbreak, or/and by increasing the values of α r and α q ; which is achieved by treating cattle using antibiotics; though treatment of infected cattle with antibiotics can result in healthy looking animals that are still infected and able to spread the disease, so it is not recommended. However, the vaccination of healthy animals combined with treatment of clinical cases is proposed to be the most promising intervention scenario [5] .
